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Abstract
We give a conjecture on relation between eigenvalues and elementary divisors of the Cartan matrix
of a p-block B of a finite group. Then we prove the conjecture is true for cyclic blocks with l(B) 5
and for tame blocks.
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1. Introduction
Let G be a finite group and let F be an algebraically closed field of characteristic p > 0.
Let B be a block of FG with defect group D of order pd . Let l(B) be the number of
irreducible Brauer characters in B . Let CB = (cij ) be the Cartan matrix of B . Since CB
is an indecomposable nonnegative matrix, it has the Frobenius–Perron eigenvalue (i.e., the
unique largest eigenvalue) ρ(B). We denote by R = RB the set of eigenvalues of CB and
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T. Wada / Journal of Algebra 281 (2004) 306–331 307by E = EB the set of (Z)-elementary divisors of CB . We are concerned with behaviors
of an eigenvalue of CB , in particular with when it is an integer. In [6] and [5] we found
that there are some relations between eigenvalues and elementary divisors of CB in some
cases. Furthermore, we had also some questions there. In this article, first we show a new
conjecture which includes a part of the questions and next we show that the conjecture is
true for cyclic blocks with l(B) 5 and for tame blocks.
We recall some elementary properties of the Cartan matrix CB , eigenvalues and ele-
mentary divisors of CB (see [4,6,7]). CB is nonnegative, indecomposable, symmetric, and
positive definite. There exists a unique largest elementary divisor e1 = |D| and others are
a power of p which are smaller than |D|. An eigenvalue of CB need not to be an integer.
There is a unique largest eigenvalue ρ(B) of CB . There is a positive eigenvector of CB for
ρ(B) which we call a Frobenius eigenvector. ρ(B) need not be larger and also need not be
smaller than |D|. If ρ is an eigenvalue of CB , then there exists an algebraic integer λ such
that |D| = ρλ by [6, Proposition 4.5], which comes from that |D|C−1B ∈ Mat(l(B),Z). This
shows that if ρ ∈ Z, then ρ divides |D| as a rational integer. If blocks B and B ′ are Rickard
equivalent (i.e., derived equivalent, see [2, 4.B]), then EB = EB ′ (see [2, Theorem 4.11])
but RB and RB ′ need not be equal. If B and B ′ are Morita equivalent, then CB = CB ′ and
so RB = RB ′ .
2. Questions and facts
We had the following two questions and we proved that it is actually true in some cases
in [6] and [5]:
(Q1) If ρ(B) ∈ Z, then does ρ(B) = |D| hold?
(Q2) If ρ(B) = |D|, then does RB = EB hold?
These questions are answered affirmatively in the following cases.
Proposition 1 [5, Proposition 2]. If D G, then ρ(B) = |D| and RB = EB = {|CD(x1)|,
. . . , |CD(xl(B))|}, where {x1, . . . , xl(B)} is a set of representatives of p-regular classes of
G associated with B . In this case, f = t (f1, . . . , fl(B)) is a Frobenius eigenvector, where
fi = ϕi(1) for ϕi ∈ IBr(B), 1 i  l(B).
Proposition 2 [5, Proposition 3]. If D is cyclic, then (Q1) and (Q2) are true. In this case, if
ρ(B) ∈ Z, then B and its Brauer correspondent b (i.e., the block of FNG(D) with bG = B)
are Morita equivalent, and in particular ρ(B) = |D| and RB = EB = {|D|,1, . . . ,1}.
Furthermore, f˜ = t (f˜1, . . . , f˜l(b)) is a Frobenius eigenvector, where f˜i = ϕ˜i(1) for ϕ˜i ∈
IBr(b), 1 i  l(b).
Proposition 3 [5, Proposition 4]. If B is tame (i.e., p = 2 and D  dihedral, generalized
quaternion, or semidihedral), then (Q1) and (Q2) are true. In this case, if ρ(B) ∈ Z, then
B and its Brauer correspondent b are Morita equivalent, in particular ρ(B) = |D| and B
is one of the following three cases:
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(ii) D  E4 (i.e., Klein’s four group) and CB =
( 2 1 1
1 2 1
1 1 2
)
,
(iii) D  Q8 (i.e., the quaternion group of order 8) and CB =
( 4 2 2
2 4 2
2 2 4
)
.
In cases (ii) and (iii), RB = EB = {|D|,1,1} and f˜ = t (f˜1, f˜2, f˜3) is a Frobenius eigen-
vector, where f˜i = ϕ˜i(1) for ϕ˜i ∈ IBr(b), 1 i  3.
Remark 1. If ρ(B) ∈ Z, B and its Brauer correspondent b are not Morita equivalent in
general (see [5, Example]).
Proposition 4 [5, Theorem 1, Proposition 5]. If G is a p-solvable group, then (Q2) is true,
but (Q1) is not yet proved to be true. However, if G is p-solvable and l(B) = 2, then (Q1)
is true.
We calculated for many cases of finite simple groups with small l(B). Then (Q1) and
(Q2) seem to be true.
3. Conjectures
Kiyota has conjectured the following on (Q1) just after [6] was published.
Conjecture (K) (Kiyota). Let N(ρ) be the norm of an algebraic integer ρ. Then
|D| | N(ρ(B)).
If Conjecture (K) is true, then (Q1) is true. Because, if ρ(B) ∈ Z, then since N(ρ(B)) =
ρ(B), we have |D| | ρ(B) by Conjecture (K). On the other hand, by the property of eigen-
values of CB in Section 1, ρ(B) | |D| as integer. This means ρ(B) = |D|.
Verifying Conjecture (K) for symmetric groups and some simple groups, the following
more explicit relation between eigenvalues and elementary divisors of CB seems to exist.
Let fB(x) be the characteristic polynomial of CB . Let fB(x) = f1(x) · f2(x) · · ·fr(x)
be a Z-irreducible decomposition of fB(x). Let us denote the set of roots of fi(x) by
Ri = {ρi1, . . . , ρini } for 1 i  r and let us denote and describe all the roots of fB(x) by
R = {ρ11, . . . , ρ1n1 ; ρ21, . . . , ρ2n2 ; . . . ; ρr1, . . . , ρrnr }.
Then the norm N(ρij ) of ρij is equal to
∏ni
k=1 ρik = |fi(0)|.
Decomposition Conjecture. Let G be a finite group, B be a block of FG and CB be the
Cartan matrix of B . Suppose the characteristic polynomial fB(x) of CB decomposes into
Z-irreducible polynomials as above. Then there is a direct decomposition E = E1 unionsq· · ·unionsqEr
as sets such that the following three conditions are satisfied:
(i) |Ri | = |Ei | for 1 i  r .
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∏ni
k=1 eik = N(ρij ).
(iii) Let ρ(B) ∈ R1. Then |D| ∈ E1. In particular, Conjecture (K) is true, i.e.,
|D| | N(ρ(B)).
In order to make a decomposition of E clear, we describe E according to a description
of R as
E = {e11, . . . , e1n1; e21, . . . , e2n2; . . . ; er1, . . . , ernr }.
Remark 2. Assume that the Decomposition Conjecture is true. Then the following hold:
(1) If an eigenvalue ρ is an integer, then ρ is an elementary divisor by (i), (ii).
(2) If ρ(B) is an integer, then ρ(B) = |D| by (iii).
These do not hold for the Cartan matrix of a general finite dimensional algebra. For
example, there exists an indecomposable cellular algebra A with the Cartan matrix CA =(
m+1 1
1 m+1
)
for m> 1. In this case R = {m+ 2,m}, E = {m2 + 2m,1}. This algebra A is a
Brauer tree algebra with two vertices both of which are exceptional of multiplicity m [8].
So this cannot be a cyclic block of a finite group algebra.
Remark 3. Kiyota first conjectured that if ρ(B) ∈ R1, then degf1  degfi for all
1  i  r , because this can lead to answer (Q2) affirmatively. But this does not hold in
general. For example, let G = SL(2,32) or Sz(32), p = 2, and B be the principal block.
Then l(B) = 31, degf1 = 7, and |f1(0)| = 32, but degf2 = 12 and |f2(0)| = 1 in each
case.
Remark 4. The Decomposition Conjecture is clearly true for the case l(B) = 1. When
l(B) = 2, fB(x) is Z-irreducible or has two integer solutions pα,pβ(α > β). In the former
case, the Decomposition Conjecture is true. In the latter case, the Decomposition Conjec-
ture is true if and only if α = d . So, assume l(B) = 2. If B is a cyclic block, a tame block
or a block of a p-solvable group, the Decomposition Conjecture is actually true by Propo-
sitions 2–4. Therefore we may assume l(B) 3 to prove the Decomposition Conjecture to
be true for cyclic or tame blocks.
4. Cyclic blocks with l(B) 5
Let B be a p-block of G with cyclic defect group D and m  1 be the multiplicity of
an exceptional vertex of the Brauer tree of B . Let l := l(B) be the number of irreducible
Brauer characters in B . Then lm + 1 = |D| [4, VII, Theorem 2.11] and l | p − 1 [4, VII,
Theorem 1.3 and 2.1]. It is known that (Z-) elementary divisors of CB are |D| and 1 (i.e.,
detCB = |D|) if B is a cyclic block [1, §24, Lemma 3].
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then the Decomposition Conjecture is true. Furthermore, if ρ(B) ∈ R1, then degf1 
degfi for 1 i  r .
The proof is elementary and consists of two parts. One is that we can almost triangular-
ize the characteristic matrix CB − xI only by using Z-elementary operations. The other is
to show a decomposition of the characteristic polynomial fB(x) is just the Z-irreducible
decomposition. We first describe the precise conclusions on eigenvalues and elementary
divisors in each case.
We shall treat two cases later in general situation in which the Brauer tree is a star with
its exceptional vertex is at the center or not, so we will omit to describe these cases here
(see Proposition 5 below).
(1) l(B) = 3. In this case, m is even, because if m is odd, then 3m + 1 = |D| is even, so
p = 2. This contradicts that l | p − 1. There are two subcases except two cases of stars.
(1.1.1)    
m
CB =
(2 1 0
1 2 1
0 1 m+ 1
)
,
fB(x)= x3 − (m+ 5)x2 + (4m+ 6)x − (3m+ 1).
fB(x) is Z-irreducible. Then R = {ρ(B) = ρ1, ρ2, ρ3}, and the norm N(ρ(B)) =
|D|.
E = {|D|,1,1}.
(1.1.2)   
m

CB =
(2 1 0
1 m+ 1 m
0 m m+ 1
)
,
fB(x)= x3 − (2m+ 4)x2 + (6m+ 4)x − (3m+ 1).
fB(x) is Z-irreducible. Then R = {ρ(B) = ρ1, ρ2, ρ3} and N(ρ(B)) = |D|.
E = {|D|,1,1}.
(2) l(B) = 4. There are seven subcases except two cases of stars.
(2.1.1)     
m
CB =


2 1 0 0
1 2 1 0
0 1 2 1

 .0 0 1 m+ 1
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(2.1.1.a) If m = 1, then |D| = 5.
fB(x) = (x2 − 5x + 5)(x2 − 3x + 1).
ρB is a root of x2 − 5x + 5, because ρ(B) > 3.
R = {ρ(B) = ρ1, ρ2; ρ3, ρ4} and N(ρ(B)) = |D|.
E = {|D|,1;1,1}.
(2.1.1.b) If m> 1, then fB(x) is Z-irreducible.
R = {ρ(B) = ρ1, ρ2, ρ3, ρ4} and N(ρ(B)) = |D|.
E = {|D|,1,1,1}.
(2.1.2)    
m

CB =


2 1 0 0
1 2 1 0
0 1 m+ 1 m
0 0 m m+ 1

 .
fB(x)= x4 − (2m+ 6)x3 + (10m+ 11)x2 − (13m+ 7)x + (4m+ 1).
(2.1.2.a) If m = 1, then |D| = 5.
fB(x) = (x2 − 5x + 5)(x2 − 3x + 1).
R = {ρ(B) = ρ1, ρ2; ρ3, ρ4}, ρ(B) > 3 and N(ρ(B)) = |D|.
E = {|D|,1;1,1}.
(2.1.2.b) If m> 1, then fB(x) is Z-irreducible.
R = {ρ(B) = ρ1, ρ2, ρ3, ρ4} and N(ρ(B)) = |D|.
E = {|D|,1,1,1}.
(2.1.3)   
m
 
CB =


2 1 0 0
1 m+ 1 m 0
0 m m+ 1 1
0 0 1 2

 .
fB(x)= {x2 − (2m+ 3)x + (4m+ 1)}(x2 − 3x + 1).
gB(x) = x2 − (2m+ 3)x3 + (4m+ 1) is Z-irreducible.
R = {ρ(B) = ρ1, ρ2; ρ3, ρ4}, ρ(B) > 3 and N(ρ(B)) = |D|.
E = {|D|,1;1,1}.
(2.2.1)   


m
CB =


2 1 0 0
1 2 1 1
0 1 2 1
0 1 1 m+ 1

 .
fB(x)= x4 − (m+ 7)x3 + (6m+ 14)x2 − (10m+ 8)x + (4m+ 1).
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R = {ρ(B) = ρ1, ρ2, ρ3; 1}, ρ(B) > 3 and N(ρ(B)) = |D|.
E = {|D|,1,1;1}.
(2.2.1.b) If m> 1, then fB(x) is Z-irreducible.
R = {ρ(B) = ρ1, ρ2, ρ3, ρ4} and N(ρ(B)) = |D|.
E = {|D|,1,1,1}.
(2.2.2)    m



CB =


2 1 0 0
1 m+ 1 m m
0 m m+ 1 m
0 m m m+ 1

 .
fB(x)= {x3 − (3m+ 4)x2 + (9m+ 4)x − (4m+ 1)}(x − 1).
gB(x) = x3 − (3m+ 4)x2 + (9m+ 4)x − (4m+ 1) is Z-irreducible.
R = {ρ(B) = ρ1, ρ2, ρ3; 1}, ρ(B) > 3 and N(ρ(B)) = |D|.
E = {|D|,1,1; 1}.
(2.2.3)  
m




CB =


m+ 1 m 0 0
m m+ 1 1 1
0 1 2 1
0 1 1 2

 .
fB(x)= {x3 − (2m+ 5)x2 + (8m+ 5)x − (4m+ 1)}(x − 1).
gB(x) = x3 − (2m+ 5)x2 + (8m+ 5)x − (4m+ 1) is Z-irreducible.
R = {ρ(B) = ρ1, ρ2, ρ3; 1}, ρ(B) > 3 and N(ρ(B)) = |D|.
E = {|D|,1,1; 1}.
(2.2.4) 
m
 



CB =


m+ 1 1 0 0
1 2 1 1
0 1 2 1
0 1 1 2

 .
fB(x)= {x3 − (m+ 6)x2 + (5m+ 8)x − (4m+ 1)}(x − 1).
gB(x) = x3 − (m+ 6)x2 + (5m+ 8)x − (4m+ 1) is Z-irreducible.
R = {ρ(B) = ρ1, ρ2, ρ3; 1}, ρ(B) > 3 and N(ρ(B)) = |D|.
E = {|D|,1,1; 1}.
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even, 5m+ 1 = |D| and 5 | p − 1.
(3.1.1)      
m
CB =


2 1 0 0 0
1 2 1 0 0
0 1 2 1 0
0 0 1 2 1
0 0 0 1 m+ 1

 .
fB(x)= x5 −(m+9)x4+(8m+28)x3−(21m+35)x2+(20m+15)x−(5m+1).
fB(x) is Z-irreducible.
R = {ρ(B) = ρ1, ρ2, ρ3, ρ4, ρ5} and N(ρ(B)) = |D|.
E = {|D|,1,1,1,1}.
(3.1.2)     
m

CB =


2 1 0 0 0
1 2 1 0 0
0 1 2 1 0
0 0 1 m+ 1 m
0 0 0 m m+ 1

 .
fB(x)= {x4 − (2m+ 7)x3 + (12m+ 15)x2 − (19m+ 10)x + (5m+ 1)}(x − 1).
gB(x) = x4 − (2m + 7)x3 + (12m+ 15)x2 − (19m+ 10)x + (5m+ 1) is Z-irre-
ducible.
R = {ρ(B) = ρ1, ρ2, ρ3, ρ4; 1} and N(ρ(B)) = |D|.
E = {|D|,1,1,1; 1}.
(3.1.3)    
m
 
CB =


2 1 0 0 0
1 2 1 0 0
0 1 m+ 1 m 0
0 0 m m+ 1 1
0 0 0 1 2

 .
fB(x) = x5 − (2m + 8)x4 + (14m + 22)x3 − (32m + 24)x2 + (26m + 9)x −
(5m+ 1).
fB(x) is Z-irreducible.
R = {ρ(B) = ρ1, ρ2, ρ3, ρ4, ρ5} and N(ρ(B)) = |D|.
E = {|D|,1,1,1,1}.
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


m
CB =


2 1 0 0 0
1 2 1 0 0
0 1 2 1 1
0 0 1 2 1
0 0 1 1 m+ 1

 .
fB(x)= x5 −(m+9)x4+(8m+27)x3−(21m+31)x2+(20m+12)x−(5m+1).
fB(x) is Z-irreducible.
R = {ρ(B) = ρ1, ρ2, ρ3, ρ4, ρ5} and N(ρ(B)) = |D|.
E = {|D|,1,1,1,1}.
(3.2.2)    
m




CB =


2 1 0 0 0
1 2 1 0 0
0 1 m+ 1 m m
0 0 m m+ 1 m
0 0 m m m+ 1

 .
fB(x)= {x4 − (3m+ 6)x3 + (15m+ 11)x2 − (19m+ 7)x + (5m+ 1)}(x − 1).
gB(x) = x4 − (3m+ 6)x3 + (15m+ 11)x2 − (19m+ 7)x + (5m+ 1) is Z-irredu-
cible.
R = {ρ(B) = ρ1, ρ2, ρ3, ρ4; 1}, ρ(B) > 3 and N(ρ(B)) = |D|.
E = {|D|,1,1,1; 1}.
(3.2.3)   
m




CB =


2 1 0 0 0
1 m+ 1 m 0 0
0 m m+ 1 1 1
0 0 1 2 1
0 0 1 1 2

 .
fB(x)= {x4 − (2m+ 7)x3 + (12m+ 14)x2 − (19m+ 7)x + (5m+ 1)}(x − 1).
gB(x) = x4 − (2m+ 7)x3 + (12m+ 14)x2 − (19m+ 7)x + (5m+ 1) is Z-irredu-
cible.
R = {ρ(B) = ρ1, ρ2, ρ3, ρ4; 1}, ρ(B) > 3 and N(ρ(B)) = |D|.
E = {|D|,1,1,1; 1}.
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m
 



CB =


m+ 1 m 0 0 0
m m+ 1 1 0 0
0 1 2 1 1
0 0 1 2 1
0 0 1 1 2

 .
fB(x)= {x4 − (2m+ 7)x3 + (12m+ 14)x2 − (17m+ 9)x + (5m+ 1)}(x − 1).
gB(x) = x4 − (2m+ 7)x3 + (12m+ 14)x2 − (17m+ 9)x + (5m+ 1) is Z-irredu-
cible.
R = {ρ(B) = ρ1, ρ2, ρ3, ρ4; 1}, ρ(B) > 3 and N(ρ(B)) = |D|.
E = {|D|,1,1,1; 1}.
(3.2.5) 
m
  



CB =


m+ 1 1 0 0 0
1 2 1 0 0
0 1 2 1 1
0 0 1 2 1
0 0 1 1 2

 .
fB(x)= {x4 − (m+ 8)x3 + (7m+ 19)x2 − (13m+ 13)x + (5m+ 1)}(x − 1).
gB(x) = x4 −(m+8)x3 +(7m+19)x2 −(13m+13)x+(5m+1) is Z-irreducible.
R = {ρ(B) = ρ1, ρ2, ρ3, ρ4; 1}, ρ(B) > 3 and N(ρ(B)) = |D|.
E = {|D|,1,1,1; 1}.
(3.3.1)     
m

CB =


2 1 0 0 0
1 2 1 0 1
0 1 2 1 1
0 0 1 m+ 1 0
0 1 1 0 2

 .
fB(x)= x5 −(m+9)x4+(8m+27)x3−(20m+32)x2+(18m+13)x−(5m+1).
fB(x) is Z-irreducible.
R = {ρ(B) = ρ1, ρ2, ρ3, ρ4, ρ5} and N(ρ(B)) = |D|.
E = {|D|,1,1,1,1}.
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m


CB =


2 1 0 0 0
1 2 1 0 1
0 1 m+ 1 m 1
0 0 m m+ 1 0
0 1 1 0 2

 .
fB(x) = x5 − (2m + 8)x4 + (14m + 21)x3 − (30m + 22)x2 + (22m + 9)x −
(5m+ 1).
fB(x) is Z-irreducible.
R = {ρ(B) = ρ1, ρ2, ρ3, ρ4, ρ5} and N(ρ(B)) = |D|.
E = {|D|,1,1,1,1}.
(3.3.3)   
m
 

CB =


2 0 1 0 0
0 2 0 1 0
1 0 m+ 1 m m
0 1 m m+ 1 m
0 0 m m m+ 1

 .
fB(x)= {x3 − (3m+ 4)x2 + (9m+ 4)x − (5m+ 1)}(x2 − 3x + 1).
gB(x) = x3 − (3m+ 4)x2 + (9m+ 4)x − (5m+ 1) is Z-irreducible.
R = {ρ(B) = ρ1, ρ2, ρ3; ρ4, ρ5}, ρ(B) > 3 and N(ρ(B)) = |D|.
E = {|D|,1,1; 1,1}.
(3.3.4)     
m
CB =


2 1 0 0 0
1 2 1 0 1
0 1 2 1 1
0 0 1 2 0
0 1 1 0 m+ 1

 .
fB(x)= {x3 − (m+ 6)x2 + (5m+ 8)x − (5m+ 1)}(x2 − 3x + 1).
(3.3.4.a) If m = 2, then |D| = 11 and gB(x) = (x2 −7x+11)(x2−3x+1)(x−1).
R = {ρ(B) = ρ1, ρ2; ρ3, ρ4; 1}, ρ(B) > 3 and N(ρ(B)) = |D|.
E = {|D|,1; 1,1; 1}.
(3.3.4.b) If m> 2, then gB(x) = x3 − (m+ 6)x2 + (5m+ 8)x − (5m+ 1) is Z-ir-
reducible.
R = {ρ(B) = ρ1, ρ2, ρ3; ρ4, ρ5}, ρ(B) > 3 and N(ρ(B)) = |D|.
E = {|D|,1,1; 1,1}.
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m


CB =


2 1 0 0 0
1 2 1 1 1
0 1 2 1 1
0 1 1 m+ 1 1
0 1 1 1 2

 .
fB(x)= {x4 − (m+ 8)x3 + (7m+ 17)x2 − (13m+ 9)x + (5m+ 1)}(x − 1).
gB(x) = x4 − (m+8)x3 + (7m+17)x2 − (13m+9)x+ (5m+1) is Z-irreducible.
R = {ρ(B) = ρ1, ρ2, ρ3, ρ4; 1}, ρ(B) > 3 and N(ρ(B)) = |D|.
E = {|D|,1,1,1; 1}.
(3.4.2)   
m



CB =


2 1 0 0 0
1 m+ 1 m m m
0 m m+ 1 m m
0 m m m+ 1 m
0 m m m m+ 1

 .
fB(x)= {x3 − (4m+ 4)x2 + (12m+ 4)x − (5m+ 1)}(x − 1)2.
gB(x) = x3 − (4m+ 4)x2 + (12m+ 4)x − (5m+ 1) is Z-irreducible.
R = {ρ(B) = ρ1, ρ2, ρ3; 1; 1}, ρ(B) > 3 and N(ρ(B)) = |D|.
E = {|D|,1,1; 1; 1}.
(3.4.3)  
m
 


CB =


m+ 1 m 0 0 0
m m+ 1 1 1 1
0 1 2 1 1
0 1 1 2 1
0 1 1 1 2

 .
fB(x)= {x3 − (2m+ 6)x2 + (10m+ 6)x − (5m+ 1)}(x − 1)2.
gB(x) = x3 − (2m+ 6)x2 + (10m+ 6)x − (5m+ 1) is Z-irreducible.
R = {ρ(B) = ρ1, ρ2, ρ3; 1; 1}, ρ(B) > 5 and N(ρ(B)) = |D|.
E = {|D|,1,1; 1; 1}.
318 T. Wada / Journal of Algebra 281 (2004) 306–331(3.4.4) 
m
  


CB =


m+ 1 1 0 0 0
1 2 1 1 1
0 1 2 1 1
0 1 1 2 1
0 1 1 1 2

 .
fB(x)= {x3 − (m+ 7)x2 + (6m+ 10)x − (5m+ 1)}(x − 1)2.
gB(x) = x3 − (m+ 7)x2 + (6m+ 10)x − (5m+ 1) is Z-irreducible.
R = {ρ(B) = ρ1, ρ2, ρ3; 1; 1}, ρ(B) > 4 and N(ρ(B)) = |D|.
E = {|D|,1,1; 1; 1}.
(3.5.1)




 


m
CB =


2 1 1 0 0
1 2 1 0 0
1 1 2 1 1
0 0 1 m+ 1 1
0 0 1 1 2

 .
fB(x)= {x4 − (m+ 8)x3 + (7m+ 18)x2 − (13m+ 10)x + (5m+ 1)}(x − 1).
gB(x) = x4 −(m+8)x3 +(7m+18)x2 −(13m+10)x+(5m+1) is Z-irreducible.
R = {ρ(B) = ρ1, ρ2, ρ3, ρ4; 1}, ρ(B) > 4 and N(ρ(B)) = |D|.
E = {|D|,1,1,1; 1}.
(3.5.2)




 m




CB =


2 1 1 0 0
1 2 1 0 0
1 1 m+ 1 m m
0 0 m m+ 1 m
0 0 m m m+ 1

 .
fB(x)= {x3 − (3m+ 5)x2 + (12m+ 5)x − (5m+ 1)}(x − 1)2.
gB(x) = x3 − (3m+ 5)x2 + (12m+ 5)x − (5m+ 1) is Z-irreducible.
R = {ρ(B) = ρ1, ρ2, ρ3; 1; 1}, ρ(B) > 4 and N(ρ(B)) = |D|.
E = {|D|,1,1; 1; 1}.
5. Proof of Theorem 1
The Decomposition Conjecture is true for cases that l(B) = 1 and 2 as is mentioned
in Remark 4. So we may prove it for cases that l(B) = 3,4, and 5. We prove the cases
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we leave them to the reader. In each case we first show that we can almost transform the
characteristic matrix CB − xI to a triangular matrix only by making use of a permutation
of two rows (or columns), a ±1 multiple to a row (or a column), and a sum of a multiple
of an element of Z[x] to a certain row (or column) to another row (or column). We obtain
corresponding three types of l × l matrices P(i, j),Q(i;±1), and R(i, j ;h(x)), where
h(x) ∈ Z[x]. Then detP(i, j) = −1, detR(i, j ;h(x)) = 1, detQ(i;±1)= ±1. So P,Q ∈
GL(l,Z) and R ∈ GL(l,Z[x]). Let U(x) and V (x) be products of some of P,Q,R’s above.
If
U(x)(CB − xI)V (x) =


1 0 0 0 0 0 0 0 0
. . . 0 0 0 0 0 0 0
1 0 0 0 0 0 0
1 − x ∗ ∗ ∗ ∗ ∗
. . . ∗ ∗ ∗ ∗
1 − x ∗ ∗ ∗
0 h1(x) ∗ ∗
. . . ∗
hs(x)


,
then we have the characteristic polynomial of CB as fB(x) = ±(1 − x)rh1(x) · · ·hs(x).
Also substituting x = 0, we have
U ′U(0)CBV (0)V ′ =


1 0 0 0 0 0 0 0 0
. . . 0 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0
. . . 0 0 0 0
1 0 0 0
0 h1(0) ∗ ∗
. . . ∗
hs(0)


for some U ′,V ′ ∈ GL(l,Z) and detCB = ±h1(0) · · ·hs(0). Here each hi(x) divides fB(x).
If there exists a unique hs(0) equals |D| and other hi(0) = 1, then CB can be finally
transformed to diag{|D|,1, . . . ,1} by additional Z-elementary operations. Thus these are
Z-elementary divisors of CB by the uniqueness of elementary divisors. We cannot al-
ways triangularize only by Z-elementary operations, but we can do this except (2.2.3),
(3.2.4), (3.3.2), (3.4.3), (3.5.1), (3.5.2). In these exceptional cases we further use Q(m(x))-
operation as a last resort which means to multiply m(x) ∈ Z[x] to some row or column.
Then we can triangularize CB − xI in the case l(B) 5.
Next we show that for the decomposition fB(x) = f1(x) · f2(x) · · ·fr(x), fi(x) is ac-
tually Z-irreducible in each case. We also verify that only one of fi ’s, say f1, satisfies
|f1(0)| = |D|. This shows that (ii) and (iii) of the Decomposition Conjecture are true.
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CB − xI =


2 − x 1 0 0 0
1 2 − x 1 0 0
0 1 2 − x 1 0
0 0 1 2 − x 1
0 0 0 1 m+ 1 − x

 .
Let us set α = 2 − x . Then
CB − xI =


α 1 0 0 0
1 α 1 0 0
0 1 α 1 0
0 0 1 α 1
0 0 0 1 α + m− 1

 .
So we transform
CB − xI →


α 1 0 0 0
1 α 1 0 0
0 1 α 1 0
0 0 1 0 1 − α(α + m − 1)
0 0 0 1 α + m − 1


→


α 1 0 0 0
1 α 1 0 0
0 1 0 0 −α{1 − α(α + m − 1)} − (α + m − 1)
0 0 1 0 1 − α(α + m − 1)
0 0 0 1 α + m− 1


→


α 1 0 0 0
1 0 0 0 −α[−α{1 − α(α + m − 1)} − (α +m − 1)] − {1 − α(α +m − 1)}
0 1 0 0 −α{1 − α(α + m − 1)} − (α + m − 1)
0 0 1 0 1 − α(α + m − 1)
0 0 0 1 α + m− 1


→


0 0 0 0 f (α)
1 0 0 0 −α[−α{1 − α(α +m − 1)} − (α + m − 1)] − {1 − α(α + m − 1)}
0 1 0 0 −α{1 − α(α + m − 1)} − (α + m− 1)
0 0 1 0 1 − α(α +m − 1)
0 0 0 1 α + m − 1


→


0 0 0 0 f (α)
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0

→


1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 f (α)

 .
Thus f (α) satisfies the following recurrence relation and boundary conditions for general
l = l(B):
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f1(α) = α + m− 1, f2(α) = 1 − αf1(α).
In this case l = 5, we have f (α) = (α + m− 1)(α4 − 3α2 + 1)− α3 + 2α.
Then fB(x)= x5−(m+9)x4+(8m+28)x3−(21m+35)x2+(20m+15)x−(5m+1).
(II) If p = 2, then l = 1. So p is odd. Since 5m + 1 = |D|, m is even. We should note
l = 5 divides p − 1. We show that fB(x) is Z-irreducible.
Case (II.1) Suppose fB(x) has x − λ(λ ∈ Z) as a factor. Then λ = pi for 0  i  d ,
where |D| = pd by [6, Corollary 4.6]. Substitute x = pi and m = (pd − 1)/5 to fB(x).
Then we have
pd+4i − 8pd+3i + 21pd+2i − 20pd+i + 5pd − 5p5i + 44p4i − 132p3i
+ 154p2i − 55pi = 0.
Now since p is odd, the left-hand side of the above equation is odd number. This is a
contradiction.
Case (II.2) Suppose fB(x)= (x2 − ax + pβ)(x3 − c1x2 + c2x −pd−β).

a + c1 = m+ 9 = (pd + 44)/5 · · ·(1),
pβ + ac1 + c2 = 8m+ 28 = (8pd + 132)/5 · · ·(2),
pβc1 + pd−β + ac2 = 21m+ 35 = (21pd + 154)/5 · · ·(3),
pβc2 + pd−βa = 20m+ 15 = 4pd + 11 · · · (4).
(II.2.i) Suppose 0 < β < d . Then (4) implies p = 11.
(II.2.i.1) Suppose β < d − β . Then β = 1 and pβ = 11 by (4). Divide (4) by p. Thus
c2 = 4 ·11d−1 +1−11d−2a. Substitute this to (3). Then 11 ·c1 +11d−1 +a(4 ·11d−1+1−
11d−2a) = (21 · 11d + 11 · 14)/5. Since 2 = 2β < d , this equation implies a ≡ 0 (mod 11).
On the other hand, substitute c2 to (2). Then 11 + ac1 + (4 · 11d−1 + 1 − 11d−2a) =
(8 ·11d +11 ·12)/5. The left-hand side ≡ 0 (mod 11), but the right-hand side ≡ 0 (mod 11).
This is a contradiction.
(II.2.i.2) Suppose β  d − β . Then (4) implies p = 11 and d − β = 1. Divide (4) by p.
Then pβ−1c2 + a = 4pd−1 + 1 · · · (4)′. Substitute a = 4pd−1 − pβ−1c2 + 1 to (3). Then
pβc1 + p +
(
4pd−1 − pβ−1c2 + 1
)
c2 =
(
21pd + 14p)/5.
If β > 1, then the above shows p divides c2. Substitute a to (2). Then we have
pβ + (4pd−1 − pβ−1c2 + 1)c1 + c2 = (8pd + 12p)/5.
Thus p divides c1. Then p divides a by (1). This contradicts (4)′.
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Then it follows from (2) that ac1 − a = 164. By (1) we have c1 = 33 − a. Therefore, we
have a2 − 32a + 164 = 0. But this equation has no integer solution. This is impossible.
Thus we have a contradiction in case (II.2.i).
(II.2.ii) Suppose β = 0.
We have the following:


a + c1 = m+ 9 · · · (1),
1 + ac1 + c2 = 8m+ 28 · · ·(2),
c1 + pd + ac2 = 21m+ 35 · · ·(3),
c2 + pda = 20m+ 15 · · ·(4).
Substitute c1 = m + 9 − a of (1) and c2 = 20m + 15 − pda of (4) to (3). This follows
(5m+ 1)a2 − (20m+ 14)a + (15m+ 25)= 0. The discriminant of this quadratic polyno-
mial is D = 25m2 + 24. If this equation has an integer solution, D = r2 for some positive
integer r . This follows (5m)2 < r2 < (5m + 2)2. Hence 5m < r < 5m + 2. This implies
r = 5m+ 1. Thus 25m2 + 24 = 25m2 + 10m+ 1 and hence 10m= 23. This is impossible.
(II.2.iii) Suppose β = d .
We have the following:


a + c1 = m+ 9 · · · (1),
pd + ac1 + c2 = 8m+ 28 · · ·(2),
pdc1 + 1 + ac2 = 21m+ 35 · · ·(3),
pdc2 + a = 20m+ 15 = 4pd + 11 · · ·(4).
By (4) we have (c2 − 4)pd = 11 − a.
(II.2.iii.1) Suppose 11 − a  0. Then c2  4. On the other hand, since c1 is the sum of
three (positive) eigenvalues of CB , c1 = m+ 9 − a > 0 by (1). So by (4), a = 4pd + 11 −
pdc2 < m + 9. This implies pdc2 > (19pd + 11)/5 and hence (5c2 − 19)pd > 11. This
follows c2  4. Then c2 = 4 and so a = 11. Hence c1 = m − 2 by (1). Then it follows
from (2), 8m = 45. This is impossible.
(II.2.iii.2) Suppose 11−a > 0. In this case, by (4), pd divides 11−a. Since a > 0, 11−a
is less than 11. But any prime p dividing numbers less than 11 does not satisfy 5 | p − 1.
This is a contradiction.
Thus fB(x) cannot be decomposed into a quadratic polynomial and a cubic polynomial.
Therefore, it follows from (II.1) and (II.2) that fB(x) is a Z-irreducible polynomial.
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CB − xI =


α 1 0 0 0
1 α 1 0 0
0 1 α + m− 1 m m
0 0 m α + m− 1 m
0 0 m m α + m− 1

 ,
where α = 2 − x . So we can transform
CB − xI →


0 1 − α2 −α 0 0
1 α 1 0 0
0 1 α − 1 0 1 − α
0 0 0 α − 1 1 − α
0 0 m m α + m− 1

 .
Continuing this process in a similar way we have finally


1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 α − 1 m
0 0 0 0 (α − 1)(−α3 + α2 + 2α − 1)− m(3α3 − 3α2 − 5α + 3)

 .
Then
fB(x)= (α − 1)
{
(α − 1)(−α3 + α2 + 2α − 1)− m(3α3 − 3α2 − 5α + 3)}
= (x − 1){x4 − (3m+ 6)x3 + (15m+ 11)x2 − (19m+ 7)x + (5m+ 1)}.
(II) We show that gB(x)= x4 − (3m+ 6)x3 + (15m+ 11)x2 − (19m+ 7)x + (5m+ 1)
is Z-irreducible.
Case (II.1) Suppose gB(x) has x − λ(λ ∈ Z) as a factor. Then λ = pi for 0  i  d .
Substitute x = pi and m = (pd − 1)/5 to gB(x). Then we have
5p4i − 3pd+3i − 27p3i + 15pd+2i + 40p2i − 19pd+i − 16pi + 5pd = 0.
(II.1.i) If i > 0, then we divide this formula by pi . Thus
3pd+2i − 15pd+i + 19pd − 5pd−i − 5p3i + 27p2i − 40pi + 16 = 0.
If i = d , then RB = EB = {|D|,1,1,1,1} by Proposition 2 and so gB(1) = 0. This con-
tradicts (II.1.ii) below. Therefore, we may assume i < d . Hence p | 16 and p = 2. This
contradicts 5 | p − 1.
(II.1.ii) If i = 0, then gB(1)= 0. This implies m = 0. This is impossible.
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a + c = 3m+ 6 · · · (1),
pβ + ac + pd−β = 15m+ 11 · · ·(2),
pβc + pd−βa = 19m+ 7 = (19pd + 16)/5 · · ·(3).
(II.2.i) Suppose 0 < β < d . Then (3) implies p = 2. This is a contradiction.
(II.2.ii) Suppose β = 0. Then
{
a + c = 3m+ 6 · · · (1),
1 + ac +pd = 15m+ 11 · · ·(2),
c + pda = 19m+ 7 = (19pd + 16)/5 · · ·(3).
It follows from (3)–(1) that (pd − 1)a = 16m+ 1. This implies that (5a − 16)m= 1. Then
m = 1 and 5a = 17 which is impossible. By symmetry of pβ and pd−β it follows from
cases (II.1) and (II.2) that gB(x) is Z-irreducible.
(3.2.4) (I) We have the characteristic matrix of CB , i.e.,
CB − xI =


α + m− 1 m 0 0 0
m α +m− 1 1 0 0
0 1 α 1 1
0 0 1 α 1
0 0 1 1 α

 ,
where α = 2 − x . We can transform CB − xI to

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 α + m− 1 m(α − 1)
0 0 0 −(α − 1)2(α + 2) (1 − α)(−α3 + 4α − 1)

 .
We multiply m to the fifth row. Then we have


1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 α + m− 1 m(α − 1)
0 0 0 −m(α − 1)2(α + 2) m(1 − α)(−α3 + 4α − 1)

 .
So we finally obtain


1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 m(α − 1) α + m− 1

 ,0 0 0 0 g(α)
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Therefore, detU(x)Q(m)(CB −xI)V (x) = m(α−1)g(α), for some Z-elementary ma-
trices U(x),V (x) and m multiplying matrix Q(m). Dividing each side by m, we have
det(CB − xI) = (α − 1)
{
α4 + (2m− 1)α3 − 4α2 − (7m− 5)α − (3m− 1)}.
Thus fB(x)= (x − 1){x4 − (2m+ 7)x3 + (12m+ 14)x2 − (17m+ 9)x + 5m+ 1}.
(II) We show that gB(x) = x4 − (2m+ 7)x3 + (12m+ 14)x2 − (17m+ 9)x + 5m+ 1 is
Z-irreducible.
Case (II.1) Suppose gB(x) has x − λ(λ ∈ Z) as a factor. Then λ = pi for 0  i  d .
Substitute x = pi and m = (pd − 1)/5 to gB(x). Then we have
5p4i − 2pd+3i − 33p3i + 12pd+2i + 58p2i − 17pd+i − 28pi + 5pd = 0.
(II.1.i) If i > 0, then we divide this formula by pi . Thus
5p3i − 2pd+2i − 33p2i + 12pd+i + 58pi − 17pd − 28 + 5pd−i = 0.
We may assume i < d similarly as (II.1.i) of (3.2.2). Hence p | 28 and p = 7. This contra-
dicts 5 | p − 1.
(II.1.ii) If i = 0, then gB(1)= 0. This implies m = 0. This is impossible.
Case (II.2) Suppose gB(x) = (x2 − ax + pβ)(x2 − cx + pd−β). Then
{
a + c = 2m+ 7 · · · (1),
pβ + ac + pd−β = 12m+ 14 · · ·(2),
pβc + pd−βa = 17m+ 9 = (17pd + 28)/5 · · ·(3).
(II.2.i) Suppose 0 < β < d . Then (3) implies p = 7. This is a contradiction.
(II.2.ii) Suppose β = 0. Then
{
a + c = 2m+ 7 · · · (1),
1 + ac + pd = 12m+ 14 · · ·(2),
c + pda = 17m+ 9 · · · (3).
It follows from (3)–(1) that (pd − 1)a = 15m+ 2. This implies that (5a − 15)m = 2. This
is impossible. By symmetry of pβ and pd−β it follows from cases (II.1) and (II.2) that
gB(x) is Z-irreducible.
We should note the following two cases for some general results for l = l(B).
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



 m




  
gives rise to
CB =


2 1 · · · · · · · · · 1
1 2 1
...
...
. . .
. . .
. . .
...
...
. . .
. . .
. . .
...
... 1 2 1
1 · · · · · · · · · 1 m+ 1


.
Then we can transform
CB − xI =


α 1 · · · · · · · · · 1
1 α 1
..
.
...
. . .
. . .
. . .
...
...
. . .
. . .
. . .
...
.
.. 1 α 1
1 · · · · · · · · · 1 α +m − 1


→


1 0 0 · · · · · · · · · 0
0 1 − α 0 0 ...
..
. 1 − α 1 − α 0 . . . ...
.
..
.
..
.
..
. . .
. . .
. . .
.
..
..
. 1 − α 1 − α · · · 1 − α 0 0
0 ∗ ∗ · · · ∗ (1 − α)(α + l − 1) − (m − 1)(α + l − 2) 0
0 1 − α · · · · · · 1 − α m − 1 1 − α


.
Then fB(x) = (1 − α)l−2{(1 − α)(α + l − 1)− (m− 1)(α + l − 2)} and hence we have
fB(x) = (x − 1)l−2
{
x2 − (m+ l + 1)x + (ml + 1)}.
Proposition 5. If m > 1, then gB(x) = x2 − (m + l + 1)x + (ml + 1) is Z-irreducible.
Then in this case, ρ(B) is a root of gB(x), R = {ρ(B) = ρ1, ρ2; 1; . . . ; 1} and E =
{|D|,1; 1; . . . ; 1}.
Proof. Let m > 1. Suppose gB(x) is reducible. Then gB(x) decomposes into two factors
of degree one. Therefore ρ(B) must be an integer, and so another root of gB(x) must be 1
by Proposition 2. Then gB(x) = (x−1)(x−(ml+1))= x2 −(ml+2)x+(ml+1). Hence,
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Therefore, gB(x) is Z-irreducible. Since by [6, Lemma 3.1] ρ(B) > l+1 = a minimal row
sum of CB > 1, ρ(B) is a root of gB(x). 
If m = 1, gB(x) = x2 − (pd + 1)x + pd = (x − 1)(x − pd). In this case, fB(x) =
(x − 1)l−1(x − pd).
(2) It is easy to show that the Brauer tree




 m




  
gives rise to fB(x) = (x−1)l−1(x−pd) and eigenvalues and elementary divisors coincide
by Proposition 2.
6. Tame blocks
Let B be a tame block of G. Then p = 2, D is isomorphic to dihedral, semidihe-
dral or generalized quaternion. Furthermore l := l(B) is 1, 2, or 3. The Decomposition
Conjecture is true for cases l = 1 and 2 as is mentioned in Remark 4. So we may ver-
ify the case l = 3. The three dihedral cases D(3A)1,D(3B)1,D(3K), six semidihedral
cases SD(3A)1, SD(3B)1, SD(3B)2, SD(3C)2, SD(3D), SD(3H), and three quaternion
cases Q(3A)2,Q(3B),Q(3K) can possibly occur as blocks of finite groups as is shown
by Erdmann [3]. Let us set |D| = 2n.
Theorem 2. Let B be a tame block of FG with defect group D of order 2n (i.e., p = 2 and
D is isomorphic to a dihedral, a generalized quaternion or a semidihedral group). Then
the Decomposition Conjecture is true. Furthermore, if ρ(B) ∈ R1, then degf1  degfi for
1 i  r .
We first describe the precise conclusions on eigenvalues and elementary divisors in each
type of blocks.
(1.1) D(3A)1
CB =
(4k 2k 2k
2k k + 1 k
2k k k + 1
)
, where k = 2n−2  1.
fB(x) = {x2 − (6k + 1)x + 4k}(x − 1).
gB(x) = x2 − (6k + 1)x + 4k is Z-irreducible.
R = {ρ(B) = ρ1, ρ2; 1}, and the norm N(ρ(B)) = |D|.
E = {|D|,1; 1}.
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CB =
(4 2 2
2 s + 1 1
2 1 2
)
, where s = 2n−2  2.
fB(x) = x3 − (s + 7)x2 + (6s + 5)x − 4s.
fB(x) is Z-irreducible.
R = {ρ(B) = ρ1, ρ2, ρ3} and N(ρ(B)) = |D|.
E = {|D|,1,1}.
(1.3) D(3K)
CB =
(2 1 1
1 c + 1 c
1 c c + 1
)
, where c = 2n−2  1.
fB(x) = {x2 − (2c + 3)x + 4c}(x − 1).
(1.3.a) If c = 1, then fB(x) = (x − 4)(x − 1)2.
R = E = {|D|; 1; 1}.
(1.3.b) If c > 1, then gB(x) = x2 − (2c + 3)x + 4c is Z-irreducible.
R = {ρ(B) = ρ1, ρ2; 1} and N(ρ(B)) = |D|.
E = {|D|,1; 1}.
(2.1) SD(3A)1
CB =
(4k 2k 2k
2k k + 1 k
2k k k + 2
)
, where k = 2n−2, n 4.
fB(x) = x3 − (6k + 3)x2 + (15k + 2)x − 8k.
fB(x) is Z-irreducible.
R = {ρ(B) = ρ1, ρ2, ρ3}, and N(ρ(B)) = 2|D|.
E = {|D|,2,1}.
(2.2) SD(3B)1
CB =
(4 2 2
2 s + 1 1
2 1 3
)
, where s = 2n−2, n 4.
fB(x) = x3 − (s + 8)x2 + (7s + 10)x − 8s.
fB(x) is Z-irreducible.
R = {ρ(B) = ρ1, ρ2, ρ3} and N(ρ(B)) = 2|D|.
E = {|D|,2,1}.
(2.3) SD(3B)2
CB =
(8 4 4
4 s + 2 2
)
, where s = 2n−2, n 4.4 2 3
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fB(x) is Z-irreducible.
R = {ρ(B) = ρ1, ρ2, ρ3} and N(ρ(B)) = 2|D|.
E = {|D|,2,1}.
(2.4) SD(3C)2
CB =
(
k + 2 k k
k k + 1 k − 1
k k − 1 k + 1
)
, where k = 2n−2, n 4.
fB(x) = {x2 − (3k + 2)x + 4k}(x − 2).
gB(x) = x2 − (3k + 2)x + 4k is Z-irreducible.
R = {ρ1, ρ2; 2}, ρ(B) > 3k  12 and N(ρ(B)) = |D|.
E = {|D|,1; 2}.
(2.5) SD(3D) has the same form of the Cartan matrix with SD(3B)1
(2.6) SD(3C)2
CB =
( 3 2 1
2 s + 2 s
1 s s + 1
)
, where s = 2n−2, n 4.
fB(x) = x3 − (2s + 6)x2 + (9s + 6)x − 8s.
fB(x) is Z-irreducible.
R = {ρ(B) = ρ1, ρ2, ρ3} and N(ρ(B)) = 2|D|.
E = {|D|,2,1}.
(3.1) Q(3A)2
CB =
(4k 2k 2k
2k k + 2 k
2k k k + 2
)
, where k = 2n−2  2.
fB(x) = {x2 − (6k + 2)x + 8k}(x − 2).
gB(x) = x2 − (6k + 2)x + 8k is Z-irreducible.
R = {ρ(B) = ρ1, ρ2; 2}, ρ(B) > 4k + 2 10 and N(ρ(B)) = 2|D|.
E = {|D|,2; 2}.
(3.2) Q(3B)
CB =
(8 4 4
4 s + 2 2
4 2 4
)
, where s = 2n−2  2.
fB(x) = x3 − (s + 14)x2 + (12s + 20)x − 16s.
(3.2.a) If s = 2, then fB(x)= (x2 − 14x + 16)(x − 2)
R = {ρ(B) = ρ1, ρ2; 2}, ρ(B) > 8 and N(ρ(B)) = 2|D|.
E = {|D|,2; 2}.
(3.2.b) If s > 2, then fB(x) is Z-irreducible.
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E = {|D|,2,2}.
(3.3) Q(3K)
CB =
(4 2 2
2 c + 2 c
2 c c + 2
)
, where c = 2n−2  2.
fB(x) = {x2 − (2c + 6)x + 8c}(x − 2).
(3.3.a) If c = 2, then |D| = 8 and fB(x) = (x − 8)(x − 2)2.
R = E = {|D|; 2; 2}.
(3.3.b) If c > 2, then gB(x) = x2 − (2c + 6)x + 8c is Z-irreducible.
R = {ρ(B) = ρ1, ρ2; 2}, ρ(B) > 8 and N(ρ(B)) = 2|D|.
R = {|D|,2; 2}.
Proof of Theorem 2. We illustrate to prove by some typical cases D(3B)1, SD(3A)1, and
Q(3A)2. We can prove similarly all other cases and then we leave them to the reader. It is
easy to calculate and obtain that R and E are just above. Then we may show that for each
decomposition of fB(x) above fi(x) is indeed Z-irreducible. At the same time, we need
to check that if ρ(B) ∈ R1, then |D| | N(ρ(B)). This shows that (iii) of the Decomposition
Conjecture is true.
(1.2) D(3B)1 Suppose that fB(x) = x3 − (s + 7)x2 + (6s + 5)x − 4s is Z-reducible.
Then fB(2i ) = 0 for 0 i  n. Hence
23i − (s + 7)22i + (6s + 5)2i − 2n = 0.
(i) If i > 0, then divide by 2i . We have
22i − (s + 7)2i + (6s + 5)− 2n−i = 0.
If i = n, it is impossible by Proposition 3 and (ii) below. So we may assume i < n,
hence 2|6s + 5. This is also impossible.
(ii) If i = 0, then fB(1) = 0. This implies s − 1 = 0. This contradicts that s  2 by [3,
Theorem VI.9.2].
(2.1) SD(3A)1 Suppose fB(x) = x3 − (6k + 3)x2 + (15k + 2)x − 8k is Z-reducible.
Then fB(2i ) = 0 for 0 i  n. This implies that
23i − (6k + 3)22i + (15k + 2)2i − 8k = 0.
(i) If i > 0, then divide by 2i . We have
22i − (6k + 3)2i + (15k + 2)− 2n+1−i = 0.
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If i = 1, then fB(2)/2 = 4 − (6k + 3)2 + (15k + 2) − 2n = 3k − 2n = 0. This is a
contradiction.
(ii) If i = 0, then fB(1) = 0 if and only if k = 0. This is impossible.
(3.1) Q(3A)2 We have fB(x) = {x2 − (6k + 2)x + 8k}(x − 2). Now ρ(B) can be es-
timated as 10  4k + 2 < ρ(B) < 8k = 2|D| by [6, Lemma 3.1]. So ρ(B) is a root of
gB(x) = x2 − (6k + 2)x + 8k and if ρ(B) ∈ Z, then ρ(B) = |D| = 4k by Proposition 3.
Hence gB(2) = 0. This implies k = 0 and this is impossible. Thus gB(x) is Z-irreducible.
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